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We try to lay down the foundations of a Newtonian theory where inertia and gravitational fields 
appear in a unified way aiming to reach a better understanding of the general relativistic theory. 
We also formulate a kind of equivalence principle for this generalized Newtonian theory. Finally we 
find the non-relativistic limit of the Einstein's equations for the space-time metric derived from the 
Newtonian theory. 

PACS numbers: 04.20.Cv, 02.40.Yy, 02.40.Ky, 45.20.D-, 03.50.De, 45.20.Jj 



I. INTRODUCTION 

Since Charles- Augustin de Coulomb in 1785 introdu- 
ced the law of force for rest electrically charged particles 
till 1905 when Albert Einstein introduced the theory of 
special relativity, first electrostatics and later electromag- 
nctism never stoped to evolve. This fact contrasts with 
the laws of gravity introduced by Newton in 1687 that 
remained unmodified untill "impelled" by the birth of 
special relativity, lead to the theory of general relativity 
in 1916. In this sudden evolution of Newtonian gravita- 
tion something was lost along the way. 

The concept of rigid motion in non-relativistic mec- 
hanics disappears swallowed by the Principle of general 
covariance[l|. Furthermore the principle of equivalence 
doesn't establish clearly the kinship between inertial and 
gravitational fields. Also the principle of covariance has 
no physical meaning at all @ and also conceals the fact 
that the General Theory of Relativity has no dynamic 
invariance group. 

In section II we describe the notions of rigid motion 
and non-incrtial reference frame, and write some field 
equations for the velocity field of the rigid motion. 

In section III we write the usual equations for the elec- 
tromagnetic field and the Lorentz force using a suitable 
unit system and a gauge where only the vector potential 
is needed. We also find a non-relativistic limit for the 
electromagnetic field equations and compare them with 
the usual Newtonian gravitational field in an inertial fra- 
me. 

In the section IV we propose a non-relativistic equiva- 
lence principle and introduce two generalizations of the 
Newtonian gravitation theory where, instead of a scalar 
potential, we have a velocity field which plays the same 
role as the velocity field used to describe a rigid motion. 



The second of these generalizations includes non-inertial 
reference frames and gravitational fields in the same for- 
mulation. 

In section V we obtain the Lagrangian formulation of 
the theory where the role of the new principle of equiva- 
lence can be clearly expressed. 

Finally we write the space-time metric whose non- 
relativistic limit leads to the Newtonian gravitation. Of 
course this is not the first attempt to generalize the New- 
tonian theory 0-0] • This paper is strongly inspired by 
the first part of the article Rigid motion invariance of 
Newtonian and Einstein's theories of General Relativity 
by LI. Bell]. 



II. INERTIAL OBSERVERS, NON-INERTIAL 
OBSERVERS AND RIGID MOTION 



In a Galilean frame of reference, according to the law 
of inertia, the equation of motion for a free particle is: 



d 2 x{t) 
df 2 



(1) 
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As it is well known, rigid motions are defined as those 
motions in which the Euclidean distances between spa- 
ce points remain constant. A non-inertial observer is 
defined by a clock (absolute time) and a rigid motion 
(three orthogonal axis moving rigidly). According to 
Chasles theorem, the most general motion of this rigid 
non-inertial frame can be decomposed in a rotation and 
a translation with respect to an inertial observer. 

The same free particle described by JTJ in an inertial 
frame can be described in a non-inertial frame with the 
origin at X{t) and with a set of orthogonal axis rotating 
with an angular velocity Cl(t) with respect to the inertial 
frame. The space points x can be written in the non- 
inertial system as x = X + y where y is a vector with 
origin at X. The acceleration in the non-inertial frame 
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is (Annex I)g2 



di 2 



-A 



~dt 



xi/-nx(flx)/)-20xw (2) 



where 



dy 



A 



d 2 X 

~dW 



(3) 



w is the particle velocity in the non-incrtial frame. The 
particle behaves as if it where subjected to some "inertial 
force fields" , gi and /3/ defined by 



91 = - ( A +^§ xy + Ox (tixy)\ ; /3, = 20 (4) 



Using these fields the equation of motion of a free particle 
in a non-incrtial reference frame can be written as 



d 2 m 
dt 2 



gi+ dt X 



(5) 



That is, the equation of motion of a free particle can be 
written as ([1]) in an inertial frame and as the equation 
([5]) in an non-inertial reference system. Alternatively we 
can write ([5]) as 



ds 2 ~ gi 



„i d y J B k. d 2 t 

^ds^ d? 







(6) 



where rf- k is the unit antisymmetric tensor of rank three. 
From we can interpret the inertial fields as a Newto- 
nian affinc connection whose connection symbols vanish 
except Tq = —g\ and r* = — Vjk^ i an d therefore 



c!V ip djf_djf_ 
vp ds ds 



ds 2 







(7) 



where y° = t. It can be easily seen that the class of 
these symmetric connections with these properties and 
Fj 5ki + Ijgtfjy = are invariant by the rigid motions 
group. 

The velocity field vq (x, t) for the rigid motions can be 
written as 



v (x,t) = 



dX(t) 
dt 



(l(t) x (x-X(t)) 



(8) 



where X(i) and f2(i) are two vector fields, which are ar- 
bitrary functions of time. 

This velocity field © is usually found in the literature, 
but to our knowledge nobody has used it as a "vector 
potential" from which the "inertial force fields" , gi and 
/3i can be derived as 



the "inertial force fields" verify the following field equa- 
tions 



(10) 



V x fa = 



The first of these equations is formally identical to the 
electromagnetic Faraday law, the second equation coin- 
cides with the Ampere's law (no magnetic poles) and the 
third one is a nonlinear modification of the Coulomb's 
law without electrical charges. 

In General Relativistic mechanics we have no way to 
characterize a class of physically relevant observers. This 
is why General Relativistic mechanics lacks of a dyna- 
mical symmetry group, contrarily to what happens in 
Newtonian mechanics. And in connection with this, a 
satisfactory way of inplementing the notion of kinematic 
rigidity is not known [loj . 



III. ELECTROMAGNETIC INTERACTION 
AND NON-RELATIVISTIC GRAVITATIONAL 
INTERACTION 

The purpose of this section is to analize the similarities 
and differences between the electromagnetic interaction 
and its limit c — > oo on one hand and the Newtonian 
gravitational interaction on the other. We will compare 
the corresponding electromagnetic field equations with 
those fullfilled for the non-inertial fields, equations © 
and (fTUj) . 

The most common version of the basic equations 
for the electromagnetic interaction uses the rationalized 
MKS system of units, in which, besides the usual mec- 
hanical units, a new unit is added, the ampere. Here 
we will write the electromagnetic equations in a general 
unspecified system of units. It is known that in the most 
general form of writing the electromagnetic equations we 
can introduce four constants ki, £ = 1 ... 4. [HIQ3 
l)The Lorentz force: the trajectory x of a particle of 
charge q and mass m inside an electromagnetic field, E 
and -B, (provided that the particle moves with a small 
velocity compared to the speed of light in order to avoid 
the relativistic linear momentum in the left hand side), 
is a solution of the equation of motion: 



(ii) 



Given the fields E and B, equation (fTTj) belongs to the 
non-relativistic mechanics. It is so as it is usually used. 
But, for (|TTT) to be a genuinely non-relativistic equati- 
on, the fields E and B, should also to be derived from 
non-relativistic equations and to transform in accordance 
with the Galileo transformations. 
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2) The Maxwell equations: the electromagnetic fields 
E and B are a solution of 



- - dB - - 

Vx£ = -fc 31 -; V-B = 
at 



V ■ £ = 47rfcip; V x B = 4irk 4 k 2 J 



k 4 k 2 dE 
ki dt > 



(12) 

The constants fci can be freely chosen with the following 
dimensional restrictions 

[ki] = [k 2 ] L 2 T~ 2 ; [k 3 k A ] = 1; M = [fe] LT" 1 ; 



and 



k%k 3 k 4 



(13) 



(14) 



where c is the vacuum propagation speed for electromag- 
netic waves and p and J are respectively the charge and 
current densities. 

Depending on the application different unit systems 
have been chosen. These are described by different values 
ki, as shown in the table below: 111] 1 121 





h 


k 2 


k 3 


fc 4 


UES 


1 


c- 2 


1 


1 


UEM 


c 2 


1 


1 


1 


GAUSS 


1 


c- 2 


c" 1 


c 


H-L 


1/(4tt) 


1/(4ttc 2 ) 


c- 1 


c 


MKS-rac. 


1/(4tt£ ) = 10- 7 c 2 


M o/(47r) = lir 7 


1 


1 



where UES refers to the electrostatic cgs units system, 
UEM to the electromagnetic cgs system, H-L to the 
Heaviside-Lorentz system and the last line to the rati- 
onalized MKS system. The first one is more appropriate 
to our intentions but, as we want to be closer to the New- 
tonian mechanics definitions, we will use a units system 
in which electric charge is measured in units of mass, 
then only remain the mechanical units, the meter, the 
kilogram and the second. In fact the proposed system of 
units is simply MKS without adding any additional unit 
defined from the electromagnetic equations. To empha- 
size this fact we call this system, specially when is used 
in electromagnetism, pure MKS system of units: 



dB 



VB = 



V -E = 4nGp e ; VxB = 




(16) 

We have changed the charge symbol q to the more conve- 
nient m e to emphasize the fact that in this units system 
masses and charges are measured in the same mass units. 

As it is well know, the equation where the sources are 
not involved, V • B = 0, guarantees the existence of the 
vector potential A through B = V x A. Now the dimen- 
sions of B are T _1 so A has the dimensions of a velocity. 
The remaining equation without sources lead to 



V x 




= 



which tells us that E+dA/dt is the gradient of a potential 
4> whose dimensions are the square of a velocity. We can 
also see that in the limit c->oowe get the same Lorentz 
equation and whereas Maxwell equations become 



- dB A - 

VxE=-—: \7-B = 
at 

V • E = AitGp e - V x B = 



(17) 



Notice the similarity of these Maxwell and Lorentz equa- 
tions when there is no charge density, p e = 0, with the 
non-inertial fields equations (fTU)) . It can be even clo- 
ser if for the electromagnetic fields we use the gauge 
(jy = (A) 2 /2, then we have HU) and 




V x A, 



(18) 



which are almost the same as © where the vector poten- 
tial plays the role of the velocity field in rigid motions. 
But the Gauss equation for electromagnetic field, namely 
that with V • E, doesn't contain a term B 2 /2 as it is con- 
tained in the counterpart equation for the velocity field 
([TUf for rigid motions. 

Now, in the usual conditions of null fields at infinity, 
equations ([T5]) and (|T6|) become 



ma 



m„ E 



(19) 





*i 


k 2 


h 


fc 4 


MKS-purc 


G 


Gc- 2 


1 


1 



where G is the gravitational constant. In this pure MKS 
system the Maxwcll-Lorcntz equations are 



dt 2 



^. dx -• 



(15) 



Vx£ = 
V ■ E = AnGp e 



(20) 



The magnetic field does not appear due to the fact that 
the equations for the magnetic field are V • B = 0, and 
VxB = and the only solution vanishing at infinity is 
B = 0. A remarkable fact is that according to the limit 
c — > oo of the Maxwell equations, written in the system 
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of units that we propose, the magnetic field is entirely a 
relativistic effect. 

In this way the likeness between electromagnctism and 
gravitation increases. The equations for the gravitational 
(non-relativistic) interaction are 



ma = m g g; (m = m g ) 

V x g = 1 

V • g = -AwGp J 



(21) 



(22) 



To stress the differences between the electromagnetic 
non-relativistic equations and the gravitational Newto- 
nian, notice that 



Electromagnctism 


Gravitation 


m 7^ m e 


m = m g 


G 


-G 



IV. GENERALIZED NON-RELATIVISTIC 
GRAVITATION AND EQUIVALENCE 
PRINCIPLE 

So far, except for equation ((9]), we have only obtained 
expressions that were already known and that perhaps 
we have written in a unusual way. We shall now attempt 
a revision of Newtonian theory of gravity, aiming to get 
a better understanding of General Relativity theory. To 
this purpose we start analyzing the weak relativistic equi- 
valence principle: 

Relativistic equivalence principle 
At every space-time point in an arbitrary gravi- 
tational field it is possible to choose a "locally 
inertial system of coordinates" such that, within 
a sufficiently small region around this point the 
laws of mechanics are the same as in an inerti- 
al Cartesian coordinate system in the absence of 
gravitation. 

Notice that this principle says nothing about how to 
built the "locally inertial coordinate system". It only 
states its existence. 

In section IIIII when studying the forces of inertia for 
rigid motions, we have seen that a velocity field opened 
the possibility to define a local frame, and how the velo- 
city field of the rigid motion v can be used as a vector 
potential to define the acceleration and the rotation fi- 
elds. Also in section IIIII we used a gauge where only a 
vector potential, with dimensions of velocity, is needed 
to build the electromagnetic field. 

In a similar way as we did with the Newtonian rigid 
velocity field, we shall introduce a generalized gravitati- 
onal vector potential from which the gravitational field 
can be derived. 

Recall that from the viewpoint of the inertial frame 
there is no force field for a free particle but acording to 
a non-inertial frame — which follows a Newtonian rigid 



motion — two inertial force fields arise which can be as- 
sociated to a vector potential, vq(x, t), (the rigid velocity 
field). 

Assume now that we have a Newtonian gravitational 
field in an inertial frame. We want to introduce a velocity 
field v g (x, t) such that a particle in the local non-inertial 
frames associated to it does not feel any field of force. 

At each point in space and for every time we define 
the local system as a reference frame whose origin mo- 
ves with the velocity v g (x,t), i.e. the interaction vector 
potential, and with a triad of orthogonal axes (with res- 
pect to the Euclidean metric) that "rotates rigidly" with 
a local angular velocity fl g = x v g (x,t), that is the 
vorticity of the velocity field. Now our non-relativistic 
equivalence principle states that 
The trajectory of a particle due to gravitational 
interaction v g (x, t) , is such that with respect to the 
origin of the local system has no acceleration. 

Notice that unlike the weak relativistic equivalence 
principle in this non-relativistic equivalence principle we 
know the motion of the local frame. 

We know that for a velocity field v g (x, t) the accelera- 
tion field is given by 



A(x,t) 



dv a 



dt 



+ {Vg ■ V)Vg 



1 



W(Vg 



-^- + 2n g xv g 

(23) 

and this will be the acceleration of our local frame. 

The relation between the accelerations referred to the 
inertial system and to the local one is (see Annex I) (|42[) : 



b + A + — X y + n X (f2 X y) + 2(1 X w 
dt 



Consider now a particle at x (in the inertial frame) in 
a gravitational field. As seen from the local reference it 
is at the origin, y = 0, without acceleration and with 
velocity w. By the non-relativistic equivalence principle, 
its acceleration referred to the inertial frame is: 



1 



,-v(iy : 



dt 



20 9 x v, 



(24) 



where we have included that v g + w is the particle velo- 
city in the inertial system v. The acceleration produced 
by our generalized Newtonian gravitational fields has two 
components, one depending on the particle velocity (as 
the Coriolis component of non-inertial fields) and the ot- 
her that does not depend on the particle velocity 



g + v x j3 



(25) 



This equation is very similar to the Lorentz equation, the 
only difference is that the gravitational charge coincides 
with the inertial mass, a feature which is on the basis of 
the non-relativistic equivalence principle. We have intro- 
duced the acceleration and rotation gravitational fields 
as follow: 



dt 



-V x v„ 



(26) 
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Notice that with this definition j3 = —2£l g . Furthermore 
we have the field equations 

Vxg=-^|; V-/3 = (27) 

which arc equivalent to the first pair of Maxwell equa- 
tions. Now we can add the source equation for non- 
vanishing mass density 

V-g=-AitGp (28) 

and a non-relativistic version of the Ampere law 



Vx/) = 



(29) 



so we have a system of gravitomagnetic equations like the 
non-relativistic Maxwell equations (fl"7|) . 

The condition that the fields vanish at infinity implies 
(3 = and we obtain the usual results, the equation of 
motion is a — g\ and the source equation (|28p . 

We can go further and propose a gravitational interac- 
tion that includes the inertial fields. We keep the equa- 
tion of motion (|25[) and propose the following field equa- 



tions 



Vxj 



9 ~2 



2 = 



V-/3 = 



V x (3 = 



(30) 



Equations (|30[) are the equations for the gravitational 
field as seen by any observer, inertial or not. If we don't 
have mass density, the velocity field is the non-inertial 
one. If we don't have fields at infinity the solutions are 
the usual ones in Newtonian gravitation. But if there is a 
mass density and fields do not vanish at infinity we have 
something new. 

An interesting fact is that the "magnetic gravitational 
field" (3 is a non-relativistic effect. This is truly remarka- 
ble because in section Mil we have arrived to the conclu- 
sion that the magnetic field B in electrodynamics is a 
purely relativistic effect. 



V. LAGRANGIAN AND HAMILTONIAN FOR 
THE NON-RELATIVISTIC GENERALIZED 
GRAVITATIONAL INTERACTION 

Given the field of gravitational interaction v g (x, t) , 
from the equivalence principle in the non-inertial refe- 
rence system the particle is free. So in the Lagrangian 
only the kinetic term appears L = raw 2 /2 which can be 
written in terms of the velocity in the inertial system 

L = —m(x — v g (x,t)) 2 (31) 



The Eulcr-Lagrangc equations are: 

d dL dL 
dt Q% dx 

1 



-(i^vKM)-^ 



m[-Vv 2 -V(x-v g )\=0 (32) 



Now using the identity 

V(X5) = Ix (VxB)+Bx (VxI)+(I-V)5+(5-V)I 

and taking into account that x and x are independent 
variables (in phase space), we have that 

V(x • v g ) - (x ■ \7)v g (x,t) = x x (V x v g (x,t)) 

which substituted in (|3"2"j) leads to the equations of mo- 
tion (|24|) , ([25]) . We can also also set up the Hamiltonian 
formulation. First performing the Lagrange transforma- 
tion 

dL ■ w 
P = — - = m(x - Vg(x,t)) 
ox 



then the energy function is 



1 ^ 1 ^2 

t = v ■ x — L = —rax rav„ 

2 2 9 



and the Hamiltonian 



H 



2ra 



+ p-v g 



(33) 



(34) 



VI. NON-RELATIVISTIC LIMIT OF 
EINSTEIN'S EQUATIONS 

The free particle relativistic Lagrangian related to ([31 



is 



L = -mc z \ 1 - 



2 J / 1 {X-Vg) 2 



(35) 



and the action functional 

S = —rac J ds = J Ldt = —rac J c 2 — (if — v g ) 2 dt 
this can be associated to a metric 



ds 2 



c 2 - (x-vg) 2 ) dt 2 



-{<? - v 2 )dt 2 + dx 2 - 2v g ■ dxdt 



(36) 



which has the following properties: 

1) This is a so-called Newtonian metric Q invariant 
under the rigid motion group. The transformation of the 
metric tensor under a change of coordinates associated 
to the rigid motion x l = X(t) 1 + R^y-* and t = t', is 

90' 0' = .9oo + 2Ao/ffo s + A r Q,A^g nm 



9j'Q' — R)'9oi + R™>Ayg n 



9i'j' = Ri'Rf9r, 



6 



where 

A s , =RS,yi' +X S 

That is, the metric given by the expression Q36[) is of 
this type in every non-inertial frame. More specifically, 
the metric is invariant provided that the velocity field 

transforms as v g — > v 1 = v g — (fl x y + X) 

2) In the limit c — > oo the metric connection for (|36p 
leads to the Newtonian affine connection, because the in- 
verse metric in the c — > oo limit is g 0tl = g 1 ^ = S lJ and 
neglecting the small terms when c — > oo the Christoffcl 
symbols are 

r;- fc = o ; r^ = o ; r 00 = d t ( l f)+d t vi 

\ 1 ) (37) 
3) The Ricci tensor of the metric ([55)1 when c — s- oo is: 

(38) 

This means that, using the metric (|36| the Einstein's 
equations for vacuum, ii^ = in the limit c —> oo yield 
the Newtonian equations (|30|) for p = 0. It is very in- 
teresting to note that, without any other consideration, 
the limit c — > oo yields the right Newtonian limit. 

4) Another interesting result, showing the strength of 
this way to obtain a relativistic mechanics from this New- 
tonian generalization, is that the velocity field needed to 
obtain the spherical symmetric solutions for vacuum in 
the Newtonian and in the relativistic case are the same. 
If we take 

v g = v g (r)r 

where f is the unit radial unitary vector, then the vacuum 
solution of the metric ([3"o]) is the Schwarzschild solution 
and v g (r) function must be 

v g (r) = ^- (39) 

but what is not usually done is to write it in this form 
0. 

The same function (|3"9")l using (f2l)]) gives the solution 
for the Newtonian equations (|30[) with p — 0. 

VII. CONCLUSIONS 

We study the velocity field for the classical rigid mo- 
tion and derive the field equations for its acceleration 
and rotation fields, the inertial fields. We also write the 
Maxwcll-Lorentz equations for the electromagnetic field 
using a suitable system of units and a gauge where only 



the potential vector, which has the dimensions of a velo- 
city, is necessary. For them we find the limit for c — > oo. 
Taking into account the null limit condition at infinity 
of the electromagnetic field we get the same equations, 
with some change in the constants, as for the Newtonian 
gravitational problem. 

Wc build a generalized Newtonian gravitational the- 
ory where the potential is a velocity field as in the two 
previous examples and that includes in an unified way 
the inertial forces fields and the gravitational Newtonian 
field. If the fields are nulls at infinity only the gravita- 
tional field remain, and if the mass density is zero we 
obtain the equations for inertial fields. We introduce a 
non-relativistic equivalence principle which is very use- 
ful to construct a Lagrangian theory for test particles 
moving in this generalized Newtonian gravitational field. 
Finally wc use this Lagrangian to build a relativistic the- 
ory where we have a Newtonian metric invariant for the 
rigid motion group. Some interesting features of this me- 
tric are that the limit metric connection when c — > oo 
is the Newtonian affine connection, and the Einstein's 
equations in the same limit lead to the Newtonian field 
equations wihtout using any kind of weak field aproxima- 
tion. 

Another interesting fact is that the same spherical sym- 
metric velocity field y/(k/r)r gives us the Schwarzschild 
solution when we put it in the metric and the Newtonian 
known result when we use the Newtonian field equations. 

ANNEX I 

We give here a detailed derivation of the transforma- 
tion of position, velocity and acceleration between two 
orthonormal reference frames. We first change to a non- 
inertial reference system moving rigidly. From the Chas- 
les theorem the most general motion of this frame is such 
that its origin moves arbitrarily with respect to the ori- 
gin of an inertial frame and its axis rotates with angular 
velocity Cl(t). 

We have an inertial frame with origin in O(0, 0, 0) 
and a system of orthonormal axis £i, i = 1...3 and 
one non-inertial frame with origin Q(X 1 (t), X 2 (t), X 3 (t)) 
and three orthonormal axis &i{t), i = 1 ... 3 

ei Ej = &i{t) ej(t) = Sij yt 

where Rj(t) is a rotation matrix. A point P can be re- 
ferred to both frames, as x in the inertial frame and as y 
in the non-inertial frame 

x = X + y; (xVi = I'e, + y j ej) 

or 

x l =X i (t) + R)(t)yi (40) 
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The velocity transformation is: 



_ dx l _ dX l _ dyi 
v = - 
t 

where 



and 



^ = R$ E k = x ej, 



O fe/ = ^ ft) 7? 



So it can be also written as 

v = w + V + fl X y 

or alternatively 



i fc = X k + R k y l + R k y l 



Note 



(41) 



The acceleration transformation is 



_ _ d A x l ^ _ d 2 y l ^ dy l de, d 2 X l _ 

a = ~dW £t - ~d& ei + ~dt~dt + ~dW £i 



dfl _ ^ ( dy l _ i i dei 



dt Xl7+nX [^ + y \t 



That can be also written 



a = b + A + - — xy + flx(Qxy) + 2D,xw (42) 
dt 



or 



x k = R k y l + X k + R k y l + 2R k y l 



Let's remark 



— x y + n x (n x y) = /H// n x «j = ii^e* 
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